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Counting the Apparent Horizon
Arundhati Dasgupta∗
Physique Theorique et Mathematique, Universite Libre de Bruxelles, Brussels, B-1050.
Using a discrete spectrum proposed for expectation values of canonical vari-
ables in black hole coherent states, the semiclassical entropy associated with the
Schwarzschild space-time is derived to be the area of the apparent horizon.
The origin of black hole entropy as well
as Hawking radiation is semi-classical, and
the resolution should come from a non-
perturbative theory of quantum gravity with
a suitable classical limit. There have been
several attempts within the realm of semi-
classical physics to associate discrete spec-
trums to the horizon area [1]. A degener-
acy counting or a emission spectrum is then
obtained. A more ‘quantum’ approach uses
the area spectrum derived in loop quantum
gravity associated with the Horizon 2-sphere
which satisfies a special boundary condition
[2]. Many questions remain unanswered in
the above; a couple of them are:
1)Why is Black Hole entropy associated with
surface degrees of freedom? Or in other
words why is there a principle of Hologra-
phy?
2)Where do the degrees of freedom live: on
the Horizon/ inside or outside the black hole?
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In this letter, we derive a degeneracy associ-
ated with the area of the Horizon 2-sphere on
a particular time slice of the Schwarzschild
Black Hole (Hence Apparent Horizon) and
show, that it is indeed the Entropy of the
black hole. The computation is done in
Gauge Coherent States defined by Hall [3, 4]
and applied to Canonical Gravity. As we
shall see, since in these coherent states, the
classical limit of the operators can be identi-
fied, one can answer at least the two questions
stated above quite clearly. Moreover, the
semiclassical spectrum associated with Area
is equispaced. Also, a concrete realisation is
provided through the coherent states and the
canonical operators of many of the ideas and
conjectures used in previous papers regard-
ing the ‘Black Hole State’ and corresponding
measurements on the state.
The canonical pair he(A), P
I
e (A,E) de-
fined by Thiemann in [5] is constituted by
the holonomy of the SU(2) Sen-Ashtekar-
Barbero-Immirzi connection AaI , along the
edges e of a graph, and a momentum which
2is a function of the densitised triads EaI de-
fined on the corresponding dual graph (I is
the SU(2) internal index and a = 1, 2, 3 the
spatial directions on a spatial slice). The co-
herent states are defined as functions of this
canonical pair, [5, 7, 8], and constructed to
be peaked at the classical values of these vari-
ables. In [12], these states were defined for
the non-rotating black hole, and observations
on the nature of the variables led to the pro-
posal that the momentum P Ie (A) has a dis-
crete spectrum which manifests itself when
the classical value of the above variable is
very small. In this letter, we show that the
area operator is precisely given by the gauge
invariant momentum Pe =
√
P Ie P
I
e , when the
edge e is radial, and has a equispaced spec-
trum. The degeneracy arises when one aver-
ages over the microscopic quantum numbers,
which are not seen by the classical expecta-
tion values. The coherent state is a prod-
uct over the coherent state for each edge of
the graph, which is embedded in the classical
space-time.
Ψ =
∏
e
ψte (1)
Based on the classical value at which the
state is peaked, one can determine the loca-
tion of the edges as measured by the classical
metric. Thus one can split the product over
edges which lie outside the black hole, those
which cross the black hole and those which lie
inside the black hole. One can easily write it
as a product of Ψ0≡outsideΨH≡horizonΨI≡inside.
To an asymptotic observer, the inside of a
black hole remains inaccessible, and one has
to trace over the coherent state which is ‘in-
side’ the black hole. This is the reason the de-
generacy associated with the operators man-
ifests itself as the ‘Entropy’ of the black hole.
Since all operators are expressed in terms of
the canonical pair, one needs to study only
the expectation values of these operators. As
we observe in this letter, the ‘entropy’ is the
logarithm of the degeneracy associated with
the operator Per at the horizon (er stands for
a radial edge). As per the philosophy of [5],
expectation values of all other operators must
be evaluated in terms of the expectation val-
ues of the canonical pair, and hence this de-
generacy cannot be broken by any other mea-
surements on the black hole coherent state.
Since the area operator is associated with
the momentum Pe, we examine it first, with
the coherent state in the momentum repre-
sentation. We then discuss the origin of the
degeneracy. We count the entropy, and fi-
nally conclude why it is the entropy of the
black hole with special emphasis on the Holo-
graphic nature of the degeneracy counting.
Many of the statements here confirm quite
a few conjectures and observations made by
previous investigators of black hole entropy
[1, 2]. Also, a note of caution must be added
that these are the simplest coherent states,
3and all the results pertain to the situation
where the black hole is in this particular co-
herent state.
The Coherent state as constructed in [3, 5]
is peaked at the classical value of the canon-
ical pair he(A), Pe(A,E) by construction.
However by the nature of the peak, the expec-
tation values of the momentum take contin-
uum values only for Pe >> 1. So for Pe ∼ t
where t = l2p/aN (lp is Planck length, aN is an
undetermined constant which is not present
in the final result) is the semiclassicality pa-
rameter, one gets the expectation values to be
discrete. One could interpret this as a failure
of the Coherent State to sample classical val-
ues, or one could say that the black hole is in
a Coherent State, in which case the spectrum
would be discrete. So just like ‘Light prop-
agation’ is produced from ‘Coherent States’
in Electro Magnetism, we can assume that
the Classical Schwarzschild space-time is pro-
duced from these Coherent States, except for
very small values of the momenta, where the
space-time is reproduced from the following
spectrum [12].
Per = (j +
1
2
)t (2)
The above is the gauge invariant momentum
for the radial edge. And explicitly the classi-
cal Per can be computed on the dual surface
which is a piece of S2; it has the following
form:
Per =
r2g
aN α4


(
sin[(1− α′)θ]
(1− α′)
)2
+
(
sin[(1 + α′)θ]
(1 + α′)
)2
− 2 cos(2θ0)
sin[(1− α′)θ]
1− α′
sin[(1 + α′)θ]
1 + α′


1/2
(3)
With, rg the position of the classical horizon,
r the radial distance from the centre of the
sphere, α′ =
√
1+α2
2
, α =
√
rg
r
, θ0 the angle at
which the radial edge intersects the 2-surfaces
which constitute the ‘dual sphere’, and 2θ the
angular width of the dual surface. Writing
the above in a more convenient form with the
approximation (1± α′)θ << 1:
Per =
2r2
aN
sin θ0θ (4)
which one can see approximates the area for
the two surface S whose coordinate limits are
θ0−θ to θ0+θ (In units of aN ). There is also a
contribution from the φ coordinate, which is
of the form ǫ, as expected is just the width of
the surface along the φ direction [12]. Now,
4there is an interesting aspect to note, and
that is the fact that whenever P becomes os-
cillatory as a function of α as observed in
[12], one finds that the above approximation
fails! This gives a restriction on the size of
the graph and the graph degree of freedom
to approximate the geometric quantities like
the triad. Another crucial point to note is the
following, when one approximates the classi-
cal momentum thus, ((1 ± α)θ ≪ 1) all the
other components of the momenta go to zero,
except P1 [12] (Note: the ± sign in the terms
in X1 and X3 as given in [12] are typo errors
and should be reversed), which is a special di-
rection in the internal SU(2) space. This is a
signal for the break down of SU(2) degrees of
freedom to U(1), a similar property noticed
previously in [2]. Thus on any spherical 2-
surface, the SU(2) degrees of freedom must
break down to U(1) to agree with classical
physics.
But what is special about the Horizon?
From (3), the classical horizon is at α → 1.
Clearly for α = 1, there is a special limit, and
as α→ 1 Per tends to the following
PH =
r2g
aN
[
θ2 +
sin2 2θ
4
−2 cos 2θ0θ
sin 2θ
2
]1/2
(5)
Thus again, for small size of the width of the
graph along φ direction, this is indeed the
classical area of the two dimensional ‘bit’ (4)
induced by the radial edge which intersects
the 2-surface at angle θ0 at r = rg. By (2)
the radial edges can lie only at discrete values
of θ0,and the area which is measured by Peri
associated with the ith edge is 2r2gǫ θ
i sin θi0.
A sum of these bits should eventually give
the total horizon. Also, since in the classical
variables the Immirzi parameter β = 1 cor-
responds to the Schwarzschild solution, we
retain the same.
Now, to understand why Per measures the
area of the spheres, one examines the defini-
tion of area of any infinitesimal 2-surface. As
we show below, the radial edge which inter-
sects the horizon induces a area [6]:
Ae =
√
EI(S)EI(S) (6)
Where, given surface S is infinitesimal and
EI(S) =
∫
S ∗EI . Now,
P Ie = −
1
aN
Tr[T Ihe
∫
S
hρ ∗ Eh
−1
ρ h
−1
e ] (7)
With he being the holonomy of the edge,
and hρ being holonomies on the edges ly-
ing on S. For sufficiently small S, Per =√
P Ie P
I
e →
√
EI(S)EI(S) ∼ Ae. This is why
we have (4) giving you the area at the classi-
cal level. Thus, it is needless to say that for
small bit of the Horizon, the area induced by
the ith radial edge must be (The aN cancels)
AiH = (j
i +
1
2
)l2p (8)
This surprisingly is the spectrum proposed in
[10] as the correct one for Horizon area. This
5confirms the equidistant nature of the spec-
trum and as shown in [10],one can assume a
thermal bath, and derive Hawking tempera-
ture etc. Here we derive the microscopic en-
tropy associated with the above Horizon pic-
ture. The degeneracy associated with ith bit
of the Horizon associated with the ith radial
edge is:
(2ji + 1)
2 (9)
(Recall the coherent state in the momentum
representation is e−t(j(j+1))πjmn, where j is
the eigenvalue of the casimir, and m and n are
the quantum numbers running from −j, ..., j
and which produce the above degeneracy [7].)
There is a further restriction to only m, as
the edges can only be ingoing at the Black
Hole horizon. From all previous derivations,
one point is definitely different, and that is
the geometric interpretation of the spectrum.
Since here we can assume a direct relation
to the geometry of the space-time, and the
details of the graph (width :θǫ, intersection
point θ0), one can conjecture on the nature of
the Spins. Since
∑
AiH = AH , ji being arbi-
trary would imply that the number of radial
edges crossing the horizon would be asym-
metric distributed as θj0 would not be evenly
spaced. The most symmetrical configuration
with the maximum number of radial edges is
the situation where the partition of AH/l
2
p is
done by 1. This corresponds to ji = 1/2. The
number of radial edges is then N = AH/l
2
p.
The degeneracy is:
N∏
i
(2) = 2N (10)
The Entropy in this case is
SBH =
AH
l2p
log 2 (11)
Now, the Immirzi parameter which fixes the
spectrum of P can be 4 log 2. The Immirzi
parameter appears as the semiclassicality pa-
rameter t picks up β in the different quanti-
sation sectors of the theory [5], whereas the
classical quantities remain the same. How-
ever, since the counting has been performed
in a rudimentary fashion, this value of β
should not be taken seriously. Different pre-
dictions on that and more on Black Hole en-
tropy from canonical quantum gravity can be
found in [2, 11]. However the present deriva-
tion gives the semiclassical physics a more
genuine note by linking the counting to ex-
pectation values of geometric operators in co-
herent states.
Now we come to the answers to the ques-
tions we had raised earlier.
1)Holography: To illustrate the point we are
making, let us examine the Volume Operator:
This is given by [9]:
V ∝
√ ∑
{e1,e2,e3}
∑
e,e′,e′′⊂{e1,e2,e3}
ǫee′e′′ǫIJKP Ie P
J
e′P
K
e′′
(12)
Where e, e′e′′ constitute triplet of edges meet-
ing at a particular Vertex. Obviously one of
6the edges is radial. Since as observed in [12],
the expectation values of Peθ , Peφ momenta
take continuum values even for small black
holes, and counting them is quite meaning-
less, the only degeneracy counting shall come
from Per . Thus the microscopic degrees of
freedom for a given classical configuration,
shall again be those associated with Per , even
though one is measuring the volume of the
system. This is a typical realisation of the
nature of Holography of the black hole space-
time.
2)Why is the Counting correct for the Hori-
zon S2? As stated in the above, the
graph degrees of freedom are sampled by
he(A), Pe(A,E), and their counting alone
should give the degrees of freedom associated
with the black hole. Thus even though in any
arbitrary S2 the degeneracy associated with
P can be proportional to area, this degener-
acy might be broken by any arbitrary func-
tion of he whose expectation values depend
on the quantum numbers m,n. It is only at
the horizon S2 , that the canonical pair are
restricted by the trapped surface equation.
[The assumption is that the quantum fluctua-
tions preserve the S2 or respect the spherical
symmetry of the Horizon: A fluctuation in
her ∝ m implies a offdiagonal (Krφ ∝ A
3
rE
3
φ)
extrinsic curvature]. And hence only at the
horizon, for any operator measurements, de-
grees of freedom ≡ degeneracy of PH .
3)Why is the degeneracy associated with the
Horizon the entropy of the Black Hole? As
written down in [12], the Coherent State
Wave function extends into the black hole.
However, the constant time slice chosen is
that of the proper-time observer, who falls
into the black hole and for her/him, the hori-
zon does not play any special role. But, these
coordinates fail for the asymptotic observer,
and one must resort to the Schwarzschild
time to get the correct frame. In these the
Horizon is the latest two surface one can ob-
serve as r − rg ∝ e
−t/rg . The Coherent State
inside the Black Hole must be traced over
to produce a density matrix: ρ =
∑
j |ψO >
|ψH > |ψ
j
I >< ψ
j
I | < ψH | < ψO|. The expec-
tation values yield the classical results, hence
once one has traced over the ’inside’ coherent
state, one is left with the Horizon and the
Outside. As per the graph we have chosen:
with radial spokes, fixing the ji at the hori-
zon fixes all subsequent ji at different radii
outside the Horizon. Thus, a given list of ji
at the horizon is like fixing a boundary con-
dition, and state through out the outside is
determined. In other words, the degeneracy
associated with the Horizon Area or the op-
erator PH determines the complete number
of microscopic degrees of freedom for a given
Black Hole Coherent State. Hence modulo
the Immirzi parameter, indeed, the black hole
7‘Bekenstein-Hawking’ Entropy is
SBH =
AH
4l2p
.
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